
SIMILAR SOLUTIONS OF THE MAGNETOHYDRODYNAMIC 

WITH FINITE GAS CONDUCTIVITY 

A .  N.  C h e r e p a n o v  

E Q U A T I O N S  

We examine  the one -d imens iona l  nons ta t iona ry  mot ion of a conducting gas in an externa l  magnet ic  
field or ien ted  no rma l  to the moving medium.  It is  a s sumed  that the gas is  ideal ,  and that v i scos i ty  and 
heat conductivi ty a re  absent .  Then, in magnetohydrodynamic  approximat ion ,  the sys t em of equat ions 
de sc r ib ing  the mot ion of a conduct ing gas in  a magnet ic  field has the form 

aH i a i a I ~ a H \  
O'-T + 7 ~ (r%g) --  - -  kW ) 4nr ~ Or 

Ov Ov t 0 ( H ~ ) 
"ffF+v'~-=---~--ff~- P-~-~--~ , P = R p T  

Op t a 
at = -- ~ -  ~ (r=vp) 

+ v ~ - )  = - 7 ~ -  (r v) + ~ k-~;-) (0. l) 

The denotat ions ,  here ,  a re  the gene ra l ly  accepted ones .  In the p l a n e - s y m m e t r i c a l  case  a =0, while 
in the case of cy l indr ica l  s y m m e t r y ,  a =1. 

F u r t h e r m o r e ,  we a s s u m e  that the conduct ivi ty  of the gas depends only on t e m p e r a t u r e  and is defined 
by the r e l a t ion  

z = r  ( n > ~ 0 )  
(0.2)  

If the mot ion of the gas is  accompanied  by the development  of a shock wave, then the condit ions at the 
shock wave front mus t  be added to the s y s t e m  (0o 1). Assuming  that  the shock wave is  a gas dynamic  one, 

we wri te  

pl(~--D) = p~(v~--'D), P t+P l (v - -D)  r 2 

P l  (vl  - -  D) ~ • p~ (v~ - -  D) ~ H I  = H2 
•  pl ~- 2 •  p~ ~- 2 ' 

(0.3)  

Subscript  1 r e f e r s  to physical  quant i t ies  in front  of the shock wave, subsc r ip t  2 to those behind the 
shock wave, D is  the veloci ty  of the shock wave, and ~4 the ra t io  of specif ic  hea ts .  

We de t e rmine  a t r a n s f o r m a t i o n  which does not change the fo rm of the Eqs.  (0.1) and (0.3). Let 

r =  e~r, t =  s ~ t , H :  esH, v=  eL v, P =  %P,p = esp (0.4) 

where  el, s2, ~, e4, e~, ~ are  ce r t a in  constant  coeff icients  which define th'e t r a n s f o r m a t i o n  of the c o r r e -  
sponding va r i ab l e s  for which the fo rm of the Eqs.  (0.1), (0.3) does not change. 
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By subst i tu t ing  (0.4) into (0.1), we get the fol lowing t w o - p a r a m e t e r  group of t r a n s f o r m a t i o n s ,  which 
holds a l so  for  the r e l a t i o n s  (0.3): 

~n+l)! -_1_ ~ (m+ ~t_) -__Z~ 
r~-elr,  t ~ e ~  n*l t, H=eIn~H, V=s V 2O ~812raP, ~ =81 2n+1 p, T: 812n+1 T 

According to [I], similarity solutions of system (0.I) will have the form 

--1 --2 2m + 2n--~l 
H = H o r m h ( ~ ) ,  v = v o r  2n+l u(s T = T o r  2n+l 0(~), p-~-p~r X(~) (0.5) 

The s i m i l a r i t y  v a r i a b l e  is  

2n+1 1 --n 
= Cor/tz(n+l)  , Co = C ~('+5 c~ ('+l) (0.6) 

Here ,  H 0, v 0, P0, and T O a re  c e r t a i n  d imens iona l  cons tan ts .  

The d i m e n s i o n l e s s  funct ions h(~), u(~), and so on, a r e  defined by a s y s t e m  of o r d i n a r y  d i f fe ren t ia l  
equat ions  which d e r i v e  f r o m  (0.1) with cons ide ra t ion  of (0.5) 

~-(m+l+a) F~+~nNt l ' 
{ ~-(m+l+r A [ ~ -  (~rnh)'l = 0 - - W  h,+ 

i t~ ~--(2m+iv) i ~_ ~--(~+2WI+I+2IV,) (~+2m+/~lUX)l -- 0 
- W- ~' + -V (Uiv'u) + ~ [ ~  (x0 + Bh')l'  = 0 - -  - N  z" 

t ~_2nN, u ~--(fm+N~) 
- -  - K  O' + (5-2N'0) + (• - -  1) ~-(=+i)0 ( ~ - N ' u ) "  - -  K ~ (~rnh)'~ = 0 

0X 

Here ,  the fol lowing notat ions a r e  in t roduced  for  the d i m e n s i o n l e s s  p a r a m e t e r s :  

(o. 7) 

2B (• -- 1) 2 (n + i) ]. 
A~---4~CT~vo, B-~Hof /8~Po,  K =  A ~ N = -  2 n + i  ' N i = 2 n + l  

F u r t h e r m o r e ,  To = Co'iv~ R ,  Vo = Co-iv, p0=P0 Co 2iv The p r i m e  denotes  d i f fe ren t ia t ion  with r e s p e c t  to ~. 

In th is  way, the solut ion of the s y s t e m  of pa r t i a l  d i f fe ren t ia l  equat ions (0. t) r educes  to that  of a non-  
l i n e a r  s y s t e m  of o rd ina ry  f i f t h - o r d e r  d i f fe ren t ia l  equat ions .  F o r  individual va lues  of the p a r a m e t e r  m, we 
p r e s e n t  some p a r t i c u l a r  solut ions  of s y s t e m  (0~ 7) which have the f o r m  

For m=--N(l+a)~=2 

C v h =  ~ ,  u=C2 ~,  X = C ~  s, 0 C4~ ~ 

N 
~=N, 6=i_---~NNi(i--2N)a--i], [~=i---~-N(u+3--2N) 

(o~ s) 

CZ=I, while C l, C z, and C 4 a r e  a r b i t r a r y  cons tan ts .  By subst i tu t ing (0.8), with cons ide ra t ion  of (0.6) and 
the l a t t e r  r e l a t i ons ,  into (0.5), we get  fo r  the phys ica l  quant i t ies  

El 2Nv N (3+~N) N~+I 
x-iv Z ~+ iv-1 H = H o t - - i " ~ - i  2 ~-~ 90r 

__2NI+ N(~--S--2IV) ~--3--2iv r 
T ~ ToOar I--iV, t iv--i , v ~-- t (0~ 9) 

F o r  m = - -  2 N  (i + a) ] [2 + (t + a) (• - -  t)] 

a +  f r n +  N l +  N 
v~---m,  ~- -N,  5 - :2  (l + c*) (~-- i) ' s = 2 N  

2 C~ (t -- C2) 
C~=2+( i+a ) ( •  , C4= 2 m + 5 + 2 N  

C 1 and C 2 a r e  a r b i t r a r y  cons tan ts .  
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2 (a-}-l) r$ (m+N1)+Y 
H ~-- HoO1 t 2-{-(~§ , p = poC~ t. r 

r ~ r ( ct-~- 2ra + N~-~- N )  
T=ToC~-~ - ,  v = - - / -  7 - -  ( l+ct) (~r  (o. io) 

F o r  -- '/9 (t + 4N1), a = 0 

v : 4 / ~ N ,  IL=N,  6-----2/sN, t~----2N1, C2--~/a 

Here  only C a is  an a r b i t r a r y  cons tan t .  

H~-  HoCfft -%, p=poCst-%, T.-~ToC4t-~V,/N, v =  r.f._ 
t (0.11) 

It should be noted that in solutions of the form (0~ and (0.10), the magnetic field is independent of 
the coordinate, and is a function only of time. 

1. Some Integrals of System (0.7). In the case of 

t + 2 N x + a  
m = -- 2 ( l .  1) 

the o r d e r  of the s y s t e m  (0.7) can be l o w e r e d  by  uni ty by i n t eg ra t i ng  the t h i r d  equat ion and subs t i tu t ing  the  
e x p r e s s i o n  obta ined  for  

c~  N 

into the  r e m a i n i n g  t h r e e  equat ions  (it i s  a s s u m e d  that  u 4= IV-IB N ). 

If, f u r t h e r m o r e ,  N~=~/~.(i§ (n -:(i--~)/2 (l + ~)) i s  a s s u m e d ,  then the f i r s t  equat ion in (0.7) i s  s ingly  
i n t e g r a t e d  s imu l t aneous ly ,  a f t e r  which we obta in  a s y s t e m  of t h r e e  f i r s t - o r d e r  d i f f e ren t i a l  equat ions  

(1.2) 

AO ~ ~ (~-(1+~ h)" = C 

U t 1+~ , 3~@1 
- - ~ u ' + " ~ I ~ - - T u  ) + + 4  ~ [~-~(l+~)(~0+Bh~)] ' = 0  

i - -a  a(i+~) 

o~ ~ \ ~+~ )'~=o 

Here ,  f i = 2 / 3 + o z ,  while X (~) is  def ined by f o r m u l a  (1.2) for  N=3 + a / 2 .  

F o r  a s m a l l  h y d r o m a g n e t i c  i n t e r ac t i on  p a r a m e t e r  

(1.8) 

BA ~ i (1.4) 

where  the  inf luence of the e l e c t r o m a g n e t i c  f ie ld  on the mot ion  of the  m e d i u m  may  be neg lec ted ,  Eq. (1.3) i s  
i n t e g r a b l e  in f inal  f o r m  if  ~=2,  a =1 is  pos tu l a t ed .  

Indeed, by  omi t t ing  the l a s t  t e r m  (the a s sumpt ion  (1.4)) in the  t h i r d  equat ion of s y s t e m  (1.3),  and 
se t t ing  ~=2,  we get  

8+___2_~ 
~ 2  

O (~) = C= 3+2_ ~ 

- - ~  ~ + u  
(i. 5) 
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Here ,  a may  e i the r  vanish  or  be equal to unity.  F r o m  the second equation in (1.3), fo r  a = 1, with 
a l lowance  for  (1.2), (1.4), (1.5), we get 

.~ - 3~ .~  + 2(~*~ - c~)~*~ + 2~(2c~ + c0~ ~) = o 

Now, f r o m  the f i r s t  equat ion in (1.3), we d e t e r m i n e  h(~) ( a = l ,  n=O) 

The a r b i t r a r y  constants  C1, C 2, C 3, C a, and C 5 a r e  de t e rm ined  f r o m  the boundary conditions~ 

It is noteworthy that to the condit ion (1.1), fo r  which the in t eg ra l  (1.2) ex i s t s ,  t he r e  co r r e sponds  the 
case  of constant  m a s s  in the reg ion  of mot ion ~2 studied,  i . e . ,  

S pd~2 -~ 6onst 

2. Motion of a Conducting Gas in a Magnet ic  F ie ld  under  the Action of a P i s ton .  A s s u m e  that at a 
moment  of t i m e  t= 0, a c o m p r e s s i b l e  gas occupies  a ha l f - space  r >  0, and that i t  is bounded by a plane 

(a =0) and by a cy l ind r i ca l  (a =1) inf in i te ly  conduct ing pis ton which s t a r t s  to move  along the axis  r at a 
momen t  of t i m e  t=0 .  In this  case ,  a shock wave,  which d i s tu rbs  the ini t ial  d i s t r ibu t ion  of the physical  
quant i t ies ,  will  p ropaga te  in the gas .  

Let  us examine  the case  m= 0, n->0. Then the s i m i l a r  solut ion of s y s t e m  (0.1) will  take the f o r m  

H = H0h(~), v = vl t -1/2(n+i) ul(~), P = P0G(~) 
T ~ Tit -~/(n+l) 0i(~), p = pltl/(n+i)xl([) 

ul = ~-~(2~+i) u(~), O~ : ~-~I(~+1) 0(~), 7a = ~/(~+l) ~(~) 

Here ,  H~, vl ,  P0, Ti ,  and Pl a r e  the co r r e spond ing  d imens iona l  cons tan ts .  

At the ini t ia l  momen t  of t ime ,  the d i s t r ibu t ion  of the phys ica l  quant i t ies  o v e r  the r coord ina te  was 
as fol lows 

H = Ho,  v = O, T = To r-2/(2n+l), p = 9or u/(~n+l) 

Let  ~s and ~0 denote the pos i t ions  of the pis ton and the shock wave, r e s p e c t i v e l y ,  in the space of the 
s i m i l a r i t y  v a r i a b l e  ~ o 

F r o m  the s i m i l a r i t y  condi t ion of the p rob lem,  we obtain the law that governs  the mot ion of the pis ton.  

2n-i-1 
f~ 

tt2[( n Jc-1) 
Co 

(here,  and in the fol lowing,  subsc r ip t  s denotes  the condit ions on the piston).  The speed of pis ton motion 
is  

~S t-- 1 / 2(n+1) 
~ = -~-~o 

Let  us go o v e r  to the v a r i a b l e  ~=~/~o ,  and wr i t e  the s y s t e m  (0~ 7), for  m = 0 ,  in the f o r m  

~NF [ u ~ • (ct - -  NO Ou 
Ni T § ~N+l u ' =  ~2NF ~ ~ ~0 F 

Kh'~  - -  2 B  - ~ -  
- -  ~.N-IOn~F 
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Kh,2 
0' = {[2N~ -- (x -- t) (c, --  N,)] u --  ( •  t) ~u'} + hN_10nXF 

{[ . n O' <.' 
~2 2v 

r = - I ~ + C  ~vu, l~x- 

(2.1) 

The  b o u n d a r y  c o n d i t i o n s  d e r i v e  f r o m  the  r e l a t i o n s  (0.3) at  the  s h o c k  w a v e  

u • -- t 2• -i 

= 7-~-i- ~l u ~i 2 (x + 

( • 2 1 5  h = i  for ~=i 
0 = ~ 1  ~ 2 ~  - ( •  , 

(2.2) 

w h i l e  t he  c o n d i t i o n s  on the  p i s t o n  a r e  ua- -  ~ [ , N , h ' =  0 for ~= ~ . .  The  l a s t  c o n d i t i o n  in  (2.2) ,  h '  (~s)=0,  s i g -  
n i f i e s  t he  a b s e n c e  of d i f fu s ion  of  the  m a g n e t i c  f i e ld  in to  an i n f i n i t e l y  c o n d u c t i n g  p i s t on .  By chang ing  the  

v a r i a b l e s  

u = fi~N w(~), Z = Z(~), 0 = ~ N z ( ~ )  

Eq.  (2.1) i s  r e d u c e d  to  t he  f o r m  

d~ F1 ~ ~ • 
: ~ lVw (•162 (ct--N1) wzO = r 

y~ 2B1Fhy 
(1) = KI~ -(~"+a) N X zn' + ~Nx 

dx "~I dh 
dw=-- [I + (N + NI + a) w(p]', dw=yr 

dz l--:~ 2 N i - - ( •  W+ ~(2n+3)NxFIZn+ l " r dw - -  z ~ + - - 2 N +  Fi 

dy / ' d z \  a__2nN1]y+A,~2(n+l )  zn[(  t i dw--{[  | +  A l ~ Z f n + l ' z n F ' + n ~ 2 N - - ' ~  ~-~w ) J L +~.,w+"-~]h}q) 

F1 = t -- w, K1 = ~(2nN+a) K, Bi = ~l-2B, a l  = ~n +1 A 

(2.3) 

(2.4) 

The b o u n d a r y  cond i t i on  t a k e s  the f o r m  

- ~:--5 ?-~)1 ~ = i ,  X = L x - - ~ T +  1) ~i ~ (• + 

h = t  for w =  t -- , y = 0  for w = t  
(2.5) 

The  cond i t i ons  o n  the  p i s ton ,  w =1. de f ine  t he  quant i ty  

T h e  po in t  w =1 ( s u r f a c e  of the  p is ton)  i s  a s i n g u l a r  po in t .  

f u n c t i o n s  • and z n e a r  w =1 in t he  f o r m  

( 2 . 6 )  

We s e e k  the  a s y m p t o t i c  e x p a n s i o n s  of the  

X =  C1Fl"(w), z =  C2Fl~(w) 

Then ,  c o n s i d e r i n g  that  f o r  co=l ,  y ~  0, f r o m  s y s t e m  (2.4) we get  

N1 ~- a (x -- t) (N1 --  u) -~- 2Na 
v =  /V , ~t N 

486 



The expansion coeff ic ients  C 1 and C 2 are  de t e rmined  f rom the condit ion for  sewing together  the 
n u m e r i c a l  and asymptot ic  so lu t ions .  

The sys t em (2.4) with the boundary  condit ions (2.5) lends  i t se l f  to solut ion by n u m e r i c a l  methods.  
Since the quant i ty  ~z = ~0~/N is contained expl ic i t ly  in the boundary  condit ions (2.5), the value of the 
p a r a m e t e r  f0 may  be a s sumed  to be given.  Then the constant  $ s will der ive  f rom (2.6). 

Let us c la r i fy  the mean ing  of the d im e ns i on l e s s  p a r a m e t e r s  A and B contained in sys t em (2.1) (or A~, 
B l in (2.4))o To this end, we postula te  that 

H3~ (2,7) 
R m ~ 4gc~zv2ri, Di = 8nP~ 

where R m is the magnet ic  Reynolds numbe r ,  cr z, vz, and D 1 a re  the va lues  of the conductivi ty,  velocity,  
and the ra t io  of magnet ic  p r e s s u r e  to the s ta t ic  p r e s s u r e  of the gas in the shock wave, respec t ive ly ,  while 
r 1 is the d is tance  f rom the pis ton sur face  to the shock wave f ront .  Then, cons ide r ing  the re l a t ions  (0.5), 
for f =~0, r = r l ,  f rom (2.7) we get R~ = A0"(~0) ~ (~0L, Di = B / Z(~0) 0(~0) �9 Here,  the quant i t ies  ~(~0), z(~0) 0(~5) 
a re  defined by the f i r s t  th ree  equal i t ies  in (2.2). 

Numer ica l  computa t ions  were  pe r fo rmed  on an M-20 computer  for the case  of a s t rong  shock wave. 
The boundary  condit ions in this  case  have the fo rm 

•  2(• 
~=I ,  : ( = •  ' z = ( ~ §  

2 h = i  for w-- •  y = O  for w = l  

The l a t t e r  no longer  depend on f0, and there fore ,  to solve the p rob lem,  one may f i r s t  set  the value 
of i s  (position of the piston) and then de t e rmine  the p a r a m e t e r  f0 (position of the shock wave) f rom (2.6). 

The figure shows plots of 0~(~) / 0~(l) a X~(~) / Z~(i) vs ~ for  a gas moving in a magnet ic  field (solid l ines)  
and in the abse nee of a magnet ic  field (dashed line) for ~ = o, ~ = 5/3, n = 3/~, ~s  = i , '  B i  = i (Di = 0.44), A1 = 5(R  m = 0.3) 
and A~ =-t6.6(Rrn ~ i) . Here,  it  i s  kept in mind that  for  a s t rong  shock wave 

R m  2 n + l ( •  n . • 

It is noteworthy that the p r e s e n c e  of a magnet ic  field leads  to a dece le ra t ion  of the shock wave and 
to a dec rea se  in the gas veloci ty  as compared  to the mot ion of a gas in the absence  of a magnet ic  field. 
The value of the dec l e ra t ion  i n c r e a s e s  with i n c r e a s i n g  in te rac t ion  p a r a m e t e r  S=D 1 �9 Rmo Because of the 
f ini te  conduct ivi ty  of the gas, there  develops Joule d i ss ipa t ion  in the medium,  on account  of which heat is  
supplied to the pa r t i c l e s  of the medium.  

It should be noted that the c l a s s  of s i m i l a r  solut ions obtained a l so  p e r m i t s  the fo rmula t ion  of the 
p rob l em of the mot ion  of a conduct ing gas in a magnet ic  field in the p r e s e n c e  of ins tan taneous  energy  r e -  
l ea se  in the cen te r  of s y m m e t r y .  To this  end, it is n e c e s s a r y  to set  ra = -- 1/20§ ~) A s i m i l a r  p rob lem 
was examined  in [2] for  the case of a s t rong  shock wave. 

In conclus ion,  we p r e sen t  another  c l a s s  of s i m i l a r  solut ions  c ha r a c t e r i z e d  by an exponential  t ime  
dependence (in connect ion  with p r o b l e m s  in gas dynamics  [3, 4]). It is  a s sumed  that the gas conductivi ty 
depends both on t e m p e r a t u r e  and densi ty ,  and that it is defined by the fo rmula  ~ = OT~oz , where n a n d l  
a re  ce r t a in  n u m b e r s .  Then the s i m i l a r  solut ion of the sys t em (0.1) has the fo rm 

H = Hoe V~(m+z)/kt h (~), v ~ roe kt ~, (~) 

T -- '~~ eS~to Po e(m+i)kt% (~) 

p = Poe(m+3) kt G (~) 

where,  as above, m is  an a r b i t r a r y  d i m e n s i o n l e s s  p a r a m e t e r ,  and k a d imens iona l  constant  with the 
d imens iona l i t y  sec- l~  The s i m i l a r i t y  va r i ab le  is  ~ = k-/vore -I't , H i ) ,  v 0 ,  and P0 a re  the co r respond ing  d i m e n -  
s ional  cons tan t s .  

487 



\ \  

em=t J 

p.. 

.//7/ / / /  ~, 
q.7 0.8 O.g t 

The d i m e n s i o n l e s s  funct ions  h(~), u(~), and so on, a r e  def ined 
by  a s y s t e m  of o r d i n a r y  d i f f e r en t i a l  equat ions  

<=o+ <.-,>=. + 1=:§247 § =.)==o 
~ r  2 1  ( ~ - -  i) h'~ 

(u - -  ~) 0 ' i+  20 -~ - -  ~ 0 (~u ) '  q- A 0n%t 

(A ~- 4~tCvot(n+l-/)P01 / kR n, B -~ Ho ~ / SaPo) 

F r o m  the s i m i l a r i t y  condi t ions  fo r  the  cons tan t s  n, l ,  and m, we 
have the fol lowing r e l a t i on :  2 + 2n +l (m + 1) =0. 

Here ,  i t  i s  n e c e s s a r y  to r e q u i r e  that  l ~ 0, m ~ - 1 ,  and n -  > 0. 

As in the  ca se  of a p o w e r - l a w  s i m i l a r i t y ,  examined  above,  the  c l a s s  of exponent ia l  s i m i l a r  so lu t ions  
we have given p e r m i t s  f o rmu la t i on  of the p r o b l e m  of the  mot ion  of a conduct ing gas  in a magne t i c  f ie ld  
u n d e r t h e  ac t ion  of a p i s t o n  that  moves  acco rd ing  to an exponent ia l  law, while  fo r  m = - 4  - ~ ,  i t  p e r m i t s  
f o rmu la t i on  of the  p r o b l e m  of the  mot ion  of a conduct ing med ium in the  p r e s e n c e  of an ins tan taneous  ene rgy  
r e l e a s e  in the c e n t e r  of s y m m e t r y .  

The au thor  i s  indebted  to L .  A~ Z a k l y a z ' m i n s k i i  and Bo I. Yakovlev for  useful  advice  and t h e i r  a t -  
t en t ion  to the work .  
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